Abstract. In this paper we give a method for constructing systematically all simple 2-connected graphs with n vertices from the set of simple 2-connected graphs with n-1 vertices, by means of two operations: subdivision of an edge and addition of a vertex. The motivation of our study comes from the theory of non-ideal gases and, more specifically, from the virial equation of state. It is a known result of Statistical Mechanics that the coefficients in the virial equation of state are sums over labelled 2-connected graphs. These graphs correspond to clusters of particles. Thus, theoretically, the virial coefficients of any order can be calculated by means of 2-connected graphs used in the virial coefficient of the previous order. Our main result gives a method for constructing inductively all simple 2-connected graphs, by induction on the number of vertices. Moreover, the two operations we are using maintain the correspondence between graphs and clusters of particles.
Introduction
The calculation of thermodynamic properties of non-ideal gases and liquids is usually based on the equation of state, which is typically a function of the pressure p, the temperature T and the density ρ (or volume A k-connected graph is a graph with the property that for any pair of vertices there are at least k disjoint paths connecting them. In order to find all k-connected graphs of n vertices one has to extract them from the set of all connected graphs of n vertices. As the number of connected and k-connected graphs increases exponentially with n, it can be very tedious to isolate the k-connected graphs. In the literature there are several results by which we can obtain all k-connected graphs by simpler k-connected graphs. All these results are basically resting on the operations addition of an edge and amalgamation of vertices.
k-connected graphs are used in various areas apart from Graph Theory and the calculation of virial coefficients in Statistical Mechanics. For example in networks, where a graph is seen as a representation of a network [Bondy J S, Murty U S R 1976] or in Chemistry, where rigid symmetries of 3-connected graphs and, in general, of k-connected graphs play an important role [Flapan E 2000] .
Motivated by the use of graphs in the calculation of the virial coefficients, we prove in this paper the following result:
Theorem 1. In a simple 2-connected graph of n vertices there is at least one vertex that can be subtracted or removed so that the result will be a simple 2-connected graph with n-1 vertices. Equivalently, every simple 2-connected graph with n vertices arises from a simple 2-connected graph with n-1 vertices by adding a vertex or by subdividing an edge.
particles of the cluster, so that they stop interacting with each other, and the new particle begins to interact with these two particles (only). Moreover, we consider only simple graphs, as it has no physical sense to say that two particles interact twice, therefore, we cannot allow more that at most one edge per pair of vertices. Finally, the two operations are particularly adapted to computing the virial coefficients sequentially, since induction on the number of vertices allows stopping the calculation of the virial coefficients on the desired order, the number of vertices, which depends on the properties of the given system.
Our results should be of interest to graph theorists, physical chemists, chemical engineers and electrical engineers. For example, they can be applied to the theory of networks in which, for safety reasons, at least two disjoint paths are required between two nodes (see [Bondy J S, Murty U S R 1976], §3.3). One related work is [Šuvakov M, Tadić B 2006] where a new algorithm is given for growing a planar cellular graph by proper attachment of polygons of length chosen from a given distribution. The resulting category of planar graphs are 2-connected (if "open") or 3-connected (if "closed"), resembling soap froths or nanoparticles self-assembled through nonlinear dynamic processes. In the language of our operations, one could start with a triangle and do subdivision of edges, then addition of a vertex of degree 2, followed by possible subdivision of the new edges, and so on. A more applied example is the formation of clusters of particles, met in many physical, chemical or biological situations. In particular, formation of colloids with valency or patchy colloids, which can be used as building blocks of specifically designed self-assembled structures and new colloidal molecules, an extremely new and fast-growing topic. See [Zaccarelli E 2007] .
The paper is organized as follows. In Section 2 we explain the theory of virial coefficients and how these are related to 2-connected graphs. In Section 3 we recall some definitions from graph theory and in Section 4 we give known theoretical results on kconnected graphs. In Section 5 we describe the operations on 2-connected graphs that we use and we prove that applying these operations yields 2-connected graphs. Finally, we prove our main result (Theorem 1). We extracted our proofs from known theorems in graph theory, which, nevertheless, are very complicated, they are much more general, and they require an extensive knowledge of graph theory. For the extent needed in this paper we give simple and straightforward proofs. Moreover, in the Appendix we give an alternative proof for Theorem 1 (Theorem 2) after extending slightly its statement.
Calculation of the virial coefficients in the classical limit
The starting point for the calculation of virial coefficients is the grand-canonical partition function Ξ. The function Ξ can be related to the canonical partition function, Q, through the equation:
where N is the number of molecules, μ is the chemical potential, ( , , )
is the canonical partition function and ( , , ) Q N V T exp( ) λ βμ = the activity. For Ν=0, the system has only one state with Ε=0, so . This allows us to write eq. 1 in the following form:
3 where is equivalent to . Using this form of 
The procedure described above gives the pressure p as a power series of the density ρ: This work focuses on the virial coefficients in the thermodynamic limit where the volume becomes arbitrary large, so that our system approximates the properties of a macroscopic system. In the analysis below we will refer only to monoatomic fluids. So, in the classical limit, the canonical partition function is given by the formula:
Here h is the Planck's constant and N Z is the configuration integral:
where is the position of the i-th molecule. We saw above in eqs. 5 
Using the same approach for the calculation of the third virial coefficient, we need the potential function ( ) 
The terms in the square bracket in eqs. To sum up, we have seen that in order to compute virial coefficients we need to know the different types of 2-connected graphs and for each type the number of different labelings. We will explain all these notions in more detail below.
Definitions from Graph Theory
A graph G is defined by the set V(G) of its vertices, the set E(G) of its edges and a relation of incidence f G , which associates each edge with one or two vertices called its ends. Equivalently, we can say that it associates each vertex with its adjacent vertices. The degree of a vertex is the number of incident edges. A graph G is called simple if between two vertices there is at most one edge, and loops are excluded. Throughout this work we will consider only simple graphs. A graph H is said to be a subgraph of a graph G if:
where is the set of the vertices of a graph G and
In order to find all different 2-connected graphs it is of high importance to find a way to separate graphs. Let and be two graphs with
V G the corresponding sets of vertices, respectively. The graphs and will be isomorphic if there is a bijection such that two vertices , 
j n ≤ ∈
The connectivity of a graph G, ( ) G κ , is the smallest number of vertices that must be deleted, together with the incident edges, so that the resulting graph will be disconnected or
connected graph is the same as connected graph. Figure 1a illustrates the only simple 2-connected graphs of two and three vertices. By convention, the graph on two vertices and one edge is 2-connected. Figure 1c illustrates 
as labeled graphs. In figure 1c we can see the three different types of 2-connected graphs with four vertices.
Results on k-connected graphs
Substantial work has been reported in the literature on k-connected graphs. A keystone result in the theory is the following [Menger K 1927 Moreover, it has been common sense [Bollobás B 1978 , Plummer M D 1968 that since the addition of an edge does not decrease the connectivity of a graph, in order to describe all k-connected graphs, it suffices to describe all minimally k-connected graphs, that is, graphs that are k-connected but loose this property if we remove any of their edges. The strongest results are by Halin and Mader, who worked on minimally k-connected graphs. The first results were obtained by Halin [Halin R 1969] 
Inductive derivation of 2-connected graphs based on vertices
The main problem in finding all 2-connected graphs with n vertices is to separate them from the connected graphs with n vertices. It is obvious that the set of the 2-connected graphs with n vertices is a genuine subset of all connected graphs with n vertices. In table 2 we can see the number of connected graphs with n vertices ( ) We can easily see that these numbers grow exponentially with n. Therefore, it becomes extremely difficult to extract the 2-connected graphs from the set of connected graphs. For that, it would be very nice if we could build inductively all 2-connected graphs with n vertices using the 2-connected graphs with n-1 vertices. With this aim we allow on graphs the following operations.
Definition 1. Addition of a vertex in a graph G is the operation that adds a new vertex v of degree at least 2 in the set V(G) and its incident edges in the set E(G). We denote this operation as "
". Subtraction of a vertex from a graph G is the inverse operation, where we remove a vertex v with all its incident edges. We denote this operation as " ". 
( )
G v + ( ) G v −
(G) and replacement of the edge e from the edges ( v) and (v ) in the set E(G).
The inverse operation is called removal of a vertex. Here, the two edges incident to a vertex v of degree 2 are replaced by one edge and the vertex v is removed. We denote this operation " ".
It is worth noticing that any two of the above operations can produce the third one. Indeed, addition of a vertex can be seen as the combination of subdividing an edge and adding edges. Whilst, subdivision of an edge can be seen as addition of a vertex of degree 2 combined with the removal of the old edge. Finally, addition of an edge can be seen as addition of vertex of degree 2 and removal of this new vertex.
In this work we focus on the two operations that add a new vertex in an existing graph, that is, "addition of a vertex" and "subdivision with an edge", because our main result (Theorem 1) is stated by means of induction on the number of vertices. Yet, the operation "addition of an edge" helps in the proof of our statements.
We shall now show that the two operations that add a new vertex, applied on a 2-connected graph yield a 2-connected graph with one more vertex.
Proposition 1. In a simple 2-connected graph G with n-1 vertices the subdivision of an edge by a vertex v yields a simple 2-connected graph
with n vertices.
and (ab) be the subdivided edge. We need to show that ( )
that is, the subtraction of any vertex 
. We need to show that ( )
the subtraction of any vertex will give a connected graph. We have the following two cases. First, suppose that from the graph is subtracted the vertex v. The remaining graph is G, which is 2-connected, therefore connected.
' G Suppose now that from the graph is subtracted one of the rest n-1 vertices, say u. Then the graph that arises is the same as the one that would arise from G if we subtracted the vertex u, but with the extra vertex v of degree at least 2. So, every pair of old vertices is path-connected. Consider now the vertex v paired with a vertex w. Then v is connected with at least one vertex
(in fact, v connects with at least two, if the vertex u is not adjacent to v). However, is path-connected to w, hence v is connected to w. Therefore, for each pair of vertices there is at least one path that connects them. Thus, by Menger's Theorem connected.
' w ' G
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Suppose now that from the graph is subtracted one of the rest n-1 vertices witch is adjacent to the vertex that we have added. Then the resulting graph is the same as the one that would arose from G if we would have subtracted the same vertex and before the addition of the new vertex, but with one extra vertex of degree at least 1. So, the new vertex and any ' G other vertex of the new graph, even if it were adjacent to the vertex that we have subtracted, is connected with at least one more vertex. Therefore, for each pair of vertices there is at least one path that connects them. Thus, by Menger's Theorem, is connected.
' G Note that, in the case where v is of degree exactly 2 Proposition 2 follows from Tutte's Theorem.
The question now is whether, using the above results, all 2-connected graphs with n vertices arise from the 2-connected graphs with n-1 vertices. Indeed we claim the following, which is our main result.
Theorem 1. In a simple 2-connected graph of n vertices there is at least one vertex that can be subtracted or removed so that the result will be a simple 2-connected graph with n-1 vertices. Equivalently, every simple 2-connected graph with n vertices arises from a simple 2-connected graph with n-1 vertices by adding a vertex or by subdividing an edge.
Using Theorem 1 we have constructed all 2-connected graphs exhaustively up to . 
Proposition 3. If from a simple 2-connected simple graph G we remove an edge e the remaining graph is either 2-connected or connected. Moreover, if is 2-connected, then G must be of the form:
is connected then G must be of the form:
' G where are 2-connected subgraphs with .
and . We will show that is connected. Let . By the fact that G is 2-connected there are at least two disjoint paths between w and , and at most one of them will involve the edge e. So, for every pair of vertices in there is at least one path connecting them
is 2-connected then G must be isomorphic to the graph: γ we define new paths 1 2 , ζ ζ between as follows (view figure 2a): 1 2 , w w ( ) (
The paths 1 2 , ζ ζ are obviously disjoint. 
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We showed that in any case is 2-connected, contradiction. Therefore, G must be of the form:
Note that, the first case of Proposition 3 is a special case of Tutte's Theorem (where the arc L is only one edge).
We shall finally give two results, which will rest the proof of Theorem 1. ). We will show that, in this case, the graph is 2-connected. By Menger's theorem we can equivalently show that between any two vertices of the graph there are at least two disjoint paths. Figure 3 Let's consider what happens in G after the subtraction of the vertex v. Take first the vertices a and b. Between the vertices a and b there is one path, the edge (ab). We must reassure that there is one more path that connects them and is disjoint from the edge (ab). To find this path we look at the vertices c and d. Between them there is the path (cabd) in G and, according to Menger's Theorem, there is one more path γ in G disjoint from (cabd) that connects the vertices c and d. Clearly γ is in
. Hence, we have the two disjoint paths (ab) and in between a and b. Take now two vertices in , such that it is not the case . Since G is 2-connected, there are two disjoint paths between in G. If the one of the two paths contains the vertex v, then, it must contain the edges (av) and (vb). So, the other part cannot contain the edge (ab). Therefore, we can replace in the first path the edges (av) and (vb) by (ab), obtaining two disjoint paths in . Hence, is 2-connected.
( ) 
( ) G v −
Proof. We will show this by induction on the number of edges. Since we are dealing with simple graphs, the only graph with no vertex of degree 2 that has the least number of edges is , which has six edges: 4 
K
As we can see, in the subtraction of any vertex gives , which is a 2-connected graph.
and suppose that the statement holds for 2-connected graphs with number of edges E < n. We will show that the statement holds for 2-connected graphs with . Let G be a 2-connected graph with 
We proceed now with the proof of Theorem 1.
Proof of Theorem 1. Let G be a simple 2-connected graph with n vertices. Suppose first that there is a vertex v in G of degree exactly 2. Then, by Proposition 4, v can either be removed and is 2-connected, or v can be subtracted and In order to give the full list of 2-connected graphs with no repetitions one has to detect the graphs that are isomorphic and choose a representative for each isomorphism class. This is easy to do by hand for n up to 6, see 
We believe that our inductive results can be generalized to k-connected graphs, with proper adaptation of the operations.
Conclusions

•
In the present work we have considered only simple graphs. This is because we wanted to preserve the equivalence between graphs and clusters of particles. Indeed, as we have already stated, vertices have a natural representation as particles, whereas edges represent the existence of interaction between two particles. It has no sense to say that two particles interact twice, therefore, we cannot allow more than at most one edge per pair of vertices.
• In order to maintain the naturality of the correspondence between particles and vertices, we allowed operations on graphs that correspond to changes in the state of the clusters. More precisely, the addition of a vertex can be seen as a new particle coming close enough to the cluster in order to interact with at least two existing particles in the cluster. Moreover, subdividing an edge means that a particle comes close enough to two other particles in the cluster and starts interacting with them, pushing them at the same time away, so that they loose their interaction. Finally, addition of an edge means that two particles in the cluster come close enough so that they start to interact. Analogous situations can be considered for the inverse operations.
• According to our results, one can obtain the whole list of simple 2-connected graphs inductively with induction on the number of vertices and with induction step equal to 1, using only the operations in Theorem 1. We extracted our proofs from known theorems in graph theory, which nevertheless are very complicated, they are much more general and they require an extensive knowledge on graphs. For the extent needed in this paper we give much simpler straightforward proofs.
In the obtained list of simple 2-connected graphs there will be repetitions. To eliminate them, one must detect all isomorphic graphs and then choose one representative for each isomorphism class (see Remark 3). The different 2-connected graphs of up to n vertices are the summands of S΄ that appear in eq. 11 of the virial coefficients n B . Further, in order to find their coefficients in the combinatorial expression of each S΄ (recall eqs. 12) one has to find the number of all different labelings for each 2-connected graph (see Remark 1) . Then, according to the type of the potential between the particles, one needs to calculate the value of the integral of S΄ over all the possible positions of the particles. But this is just an operational issue and there are routine algorithms that can do this. 
